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We show that every many-one complete set for NEXP (co-NEXP)
has an infinite subset in P. We also show that every many-one complete
set for EXP has a nonsparse infinite subset in P iff annihilating functions
do not exist. ] 1997 Academic Press
1. INTRODUCTION
The BermanHartmanis conjecture states that all many-
one (m-)complete sets for NP are polynomially isomorphic
to one another [BH77], and thus these sets have the same
structural characteristics (such as density, paddability, self-
reducibility, etc.) with respect to polynomial computation.
This isomorphism conjecture and its extended versions for
the classes EXP and NEXP have been widely studied not
only because they are mathematically elegant statements
but also because of their profound implications on the
relationships between the central complexity classes:
v if all m-complete sets for NP are polynomially
isomorphic, then P{NP [BH77];
v if there exist two nonisomorphic m-complete sets for
EXP, then P{UP [KLD86];
v if there exist two nonisomorphic m-complete sets for
NEXP, then P{PSPACE [FKR89].
At present, it is not altogether clear whether these
conjectures are true or false. One approach to studying
them is to verify as many as possible structural predictions
they imply. In particular, since the ‘‘standard’’ complete sets
for NP, EXP, and NEXP, are known to possess dense subsets
in P, the isomorphism conjectures predict that every
m-complete set for NP, EXP, and NEXP, is not P-immune
in a strong sense.
Berman was the first to study immunity property of
complete sets. In [Ber76], he showed
(i) every m-complete set for EXP has an infinite sparse
subset in P, and
(ii) every m-complete set for NEXP has an infinite
sparse subset in E,
leaving as open questions whether these results could be
improved to, for example:
(i) every m-complete set for EXP has an infinite non-
sparse subset in P, and
(ii) every m-complete set for NEXP has an infinite
subset in P.
In [HW94], Homer and Wang made partial progress in
answering these questions. They gave a simpler proof of
Berman’s second result and improved it in two ways: the
infinite E subset they constructed is not only dense but is in
UP as well. They also established necessary and suffi-
cient conditions for m-complete sets for EXP to contain
dense P-subsets. In [Wan92], Wang showed that every
m-complete set for NEXP contains an infinite P-subset
(and is p-levelable also) if there are p-productive sets for
NP in NEXP.
In this paper, we give a positive answer to Berman’s
second question by constructing an infinite sparse P-subset
for every m-complete set for NEXP. We also show that an
answer to Berman’s first question (positive or negative)
requires nonrelativizable techniques by proving the follow-
ing necessary and sufficient condition: every m-complete set
for EXP has a nonsparse P-subset if and only if annihilating
functions do not exist. Annihilating functions are very
strong one-way functions whose ranges contain only sparse
P-subsets. They were first studied by Kurtz, Mahaney, and
Royer, who showed their existence relative to a random
oracle [KMR89]. On the other hand, there are oracles
relative to which P=NP [BGS75] and thus one-way
functions do not exist.
We present relevant definitions in Section 2 and prove the
main results in Sections 3 and 4. Some open problems
appear in Section 5.
2. PRELIMINARIES
All languages are subsets of 7*, where 7=[0, 1]. We
identify 7* with Z since there is a polynomial-time
computable and invertible bijection mapping one set to the
other. Tally languages are subsets of [0]*. The length of
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a string w is denoted by |w|; for every integer w, 2 |w|&1
w2|w|. Let ( } , } ) be the standard pairing function that
maps 7*_7* to 7* such that |(x, y) |=2 |x|+| y|+2.
Let &An& denote the number of strings in A of length at
most n. A set S is sparse if there is a polynomial p such that
for every n, &S n& p(n). A set D is dense if there is some
=>0 such that for infinitely many n, &Dn&2n=.
We assume the reader is familiar with the notions of
Turing machines and time-bounded complexity classes such
as P and NP. Let EXP=c DTIME(2n
c
) and NEXP=
c NTIME(2n
c
).
A set A is many-one (m-)reducible to a set B if there exists
a polynomial-time computable function f such that for all
x, x # A  f (x) # B. A set C is m-complete for a class of sets
C if C # C and every set in C is m-reducible to C.
Let ( fi) i # Z + be an enumeration of polynomial-time
computable functions such that fi (x) can be effectively
computable from i and x in 2O( |(i, x) | ) time as shown in
[GH92].
A function f is polynomial-time honest if there is a polyno-
mial g such that for all x, |x| g( | f (x)| ). A function f is
one-way if f is one-one, polynomial-time computable and
honest, and f is not polynomial-time invertible. A function
f is annihilating if f is one-way, and every subset in P of
image( f ) is sparse.
A set is said to be P-immune if it has no infinite P-subsets
(subsets in P).
The following hierarchy theorem for nondeterministic
time is due to Seiferas, Fischer, and Meyer [SFM78] and
Za k [Za k83]:
Theorem 1 ([SFM78, Za k83]). If t(n) and T(n) are
time-constructible functions such that t(n+1) # o(T(n)), then
there is a (tally) set H # NTIME(T(n))&NTIME(t(n)).
As a corollary, there exists a tally set Hk # NTIME(2n
k+1
)
&NTIME(2n
k
) for every k1.
3. IMMUNITY OF NEXP-COMPLETE SETS
We first show that every m-complete set for NEXP
(co-NEXP) is not P-immune.
Theorem 2. Every m-complete set for NEXP (co-NEXP)
contains an infinite P-subset.
Proof. Let K be an m-complete set for NEXP. By defini-
tion K # NTIME(2nl) for some l1. By Theorem 1, there
exists a tally set H in NTIME(2nl+1)&NTIME(2nl). We
exploit the ‘‘hardness’’ of H in constructing a diagonal set A
to force any reduction of A to K to be linearly honest on
infinitely many strings in A.
Define A=i1 Ai , where Ai=[0(i, x) : | fi (0(i, x))|>
(i, x)32i 2 or 0x # H]. Clearly A # NTIME(2n l+1) since
fi (0(i, x) ) can be computed in time exponential in |0(i, x) |,
and hence A is m-reducible to K via a polynomial-time
computable function fj .
The ‘‘fj -honest’’ subset S=[0( j, x) : | fj (0( j, x))|>( j, x)
32 j2] of Aj must be infinite, or else for large enough x,
0x # H  0( j, x) # Aj  fj (0( j, x)) # K.
Since
| fj (0( j, x))|( j, x)32 j 2
2|( j, x) |32 j 2
=22 | j |+|x|+232j2
=22(| j |&1)+(|x|&1)+532 j2
32 j 2x32 j 2=x=|0x|,
and K # NTIME(2nl), this means that H # NTIME(2n l), a
contradiction.
Thus the set fj (S) is infinite, a subset of K, and in P since
y # fj (S)  _0w : |w|<32 j 2 | y| 6 fj (0w)= y.
Now define B=i1 Bi , where Bi=[0(i, x) : | fi (0(i, x))|
(i, x)32i2 and 0x # H]. Again, B # NTIME(2nl+1), and
hence B is m-reducible to K via a polynomial-time
computable reduction fk .
The subset T=[0(k, x) : | fk(0(k, x))|>(k, x)32k2] of
the complement of B must be infinite, or else for large
enough x,
0x # H  0(k, x) # Bk  fk(0(k, x) ) # K.
Since
| fk(0(k, x))|(k, x)32k2
2|(k, x) |32k2
=22|k|+|x|+232k2
=22(|k|&1)+(|x|&1)+5
32k2x32k2=x=|0x|,
and K # NTIME(2nl ), this means that H # NTIME(2nl ), a
contradiction.
Thus the set fk(T ) is infinite, a subset of the complement
of K, and in P, since y # fk(T)  _0w : |w|<32k2 | y| 6
fk(0w)= y. K
Note that the P-subsets constructed in the above proof
are sparse, and in fact, p-printable.
Combining Theorem 2 with the result by Buhrman,
Spaan, and Torenvliet that every one-truth-table-complete
set for NEXP is also m-complete [BST93] yields
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Corollary 1. Every one-truth-table-complete set for
NEXP as well as its complement contains an infinite P-subset.
In contrast, Buhrman [Buh93] constructed a two-truth-
table-complete set for NEXP that does not have an infinite
subset in P. In the following stage-by-stage construction, let
C be any m-complete set for NEXP and (Pi) i # Z + be an
enumeration of the sets in P:
stage 0: K0=<
A0=<
stage n+1: if _in+1, i  Kn and (n+1, b) # Pi for
some b # [0, 1]
let i0 be the smallest such i, and b0 the
smallest such b
Kn+1=Kn _ [i0]
else
b0=1
if n+1 # C
An+1=An _ [(n+1, 1&b0)]
else
An+1=An
The set A=i Ai is 2-tt complete for NEXP since it is in
NEXP and x # C  (x, 0) # A or (x, 1) # A. Furthermore,
Pi&A{< for each infinite set Pi in P, so A has no infinite
P-subsets.
It is not known how to modify the technique used in
Theorem 2 to prove similar results for the two extreme cases
of NP and RE; there are no ‘‘hard’’ tally sets to play the role
of H in RE, and there are no known universal functions for
polynomial-time computable functions in NP. However, the
technique does generalize to every ‘‘nice’’ nondeterministic
complexity class in between.
Specifically, a time-constructible function T is said to
dominate any polynomial if it satisfies the following
conditions:
(i) \i [ni=o(T(n))]
(ii) T is monotonic, i.e. \n [T(n+1)T(n)]
(iii) \i \n [Ti (n)T(ni)].
Examples of dominating functions include all commonly
used functions, including 22poly, 2polylog, and nO(log* n).
In [Wan92], Wang showed that for every dominating
function T, there is an enumeration ( fi) i # Z + of all
polynomial-time computable functions such that fi (x) can
be computed deterministically from (i, x) in time
O(T( |(i, x) | )). By letting H in the proof of Theorem 2 to be
a tally set in, say, NTIME(T(n))&NTIME(- T(n)), we
obtain the following general theorem:
Theorem 3. Let T be a dominating function. Every
m-complete set for NTIME(T(n))(co-NTIME(T(n))) con-
tains an infinite P-subset.
4. IMMUNITY OF EXP-COMPLETE SETS
Berman showed that m-complete sets for EXP have
infinite sparse P-subsets (by proving they are actually one-
one length-increasing complete). This falls short of the
prediction by the isomorphism conjecture that these
complete sets contain infinite dense P-subsets. In [HW94],
Homer and Wang showed that the prediction holds if and
only if for each m-complete set A for EXP, there is an
m-complete set K for EXP which contains dense P-subsets
and which reduces to A via a ‘‘locally invertible’’ reduction f,
i.e. f is polynomial-time invertible on a dense P-subset of K.
They noted that the existence of locally invertible reductions
is a very weak property and seem possible even if one-way
functions exist.
We show in this section the following necessary and suf-
ficient condition: m-complete sets for EXP contain infinite
nonsparse P-subsets if and only if a special class of strongly
one-way functions called annihilating functions does not
exist. This condition suggests that either a proof or a refuta-
tion of the prediction by the isomorphism conjecture must
not be relativizable due to the existence of oracles relative to
which P=NP [BGS75], and hence annihilating functions
(which are one-way) do not exist, as well as that of random
oracles relative to which annihilating functions exist
[KMR89].
Theorem 4. Every m-complete set for EXP contains a
nonsparse P-subset iff annihilating functions do not exist.
Proof. Suppose annihilating functions exist, i.e. there is
a one-one, polynomial-time computable and honest, and
one-way function f such that every P-subset of image( f ) is
sparse. Then for any m-complete set K of EXP, f (K) is
m-complete for EXP, and f (K) has no infinite nonsparse
P-subset.
Conversely, suppose annihilating functions do not exist,
and let K be any m-complete set for EXP. Then 7* is
reducible to K via some one-one, length-increasing (and
therefore honest) polynomial time computable function f.
But then f (7*) has an infinite P-subset and hence an infinite
nonsparse P-subset, which is also a P-subset of K. K
5. OPEN PROBLEMS
The techniques used in this paper and previous work on
P-immunity of complete sets do not apply to the classes NP,
PSPACE, and RE. It is still open whether (i) (infinite)
m-complete sets for these classes contain infinite P-
subsets, and (ii) m-complete sets for NEXP contain infinite
nonsparse P-subsets.
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